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A NEW APPROACH TO SOBOLEV SPACES IN METRIC 
MEASURE SPACES 

TOMAS SJODIN 


Abstract. Let (A, dx, be a metric measure space where X is locally com¬ 
pact and separable and ^ is a Borel regular measure such that 0 < r)) < 

oo for every ball B(x, r) with center x G X and radius r > 0. We define X to 
be the set of all positive, finite non-zero regular Borel measures with compact 
support in X which are dominated by {i, and M = X U {0}. By introducing a 
kind of mass transport metric on this set we provide a new approach to 
first order Sobolev spaces on metric measure spaces, first by introducing such 
for functions F : X —>• M, and then for functions f : X —y [—oo,co] by iden¬ 
tifying them with the unique element Ff X —y M. defined by the mean-value 
integral: 

In the final section we prove that the approach gives us the classical Sobolev 
spaces when we are working in open subsets of Euclidean space R" with 
Lebesgue measure. 


1. Introduction 

Suppose (A, is a metric measure space and 1 < p < oo. If we want to 

introduce a first order Sobolev-type space, analogous to the classical Sobolev spaces 
H^’P{X) when X is an open subset of M", dx the Euclidean distance and ^ the 
Lebesgue measure, then there is by now a few approaches available, most notably 
that based on upper gradients, which were introduced by Heinonen and Koskela [8], 
such as first studied by Shanmugalingam in m- By now there are (at-least) two 
good books which treat this approach in detail, first [ 2 ] by Bjorn and Bjorn and 
very recently m by Heinonen, Koskela, Shanmugalingam and Tyson. 

Apart from the Newtonian spaces there are alternative definitions of Sobolev 
spaces on metric measure spaces worth mentioning. Early approaches are due to 
Hajlasz in and Korevaar-Schoen (a version directly comparable to this article of 
the latter approach seems first to have been developed in my Other approaches 
can be found in [ 3 ] by Cheeger and m by Shvartsman. There has also been some 
axiomatic treatments (see e.g. [H E]). The survey articles [BJ |9] are also worth 
mentioning as well as the book [ 7 ] which treats weighted Sobolev spaces on K". 

The idea of upper gradients is based on the well-known formula 

(1) |u(7(s))- m(7(0))| < / g{-/{t))dt 

Jo 

which holds for every smooth function in MF and every rectifiable curve 7 parametrized 
by arc-length, in case we put g = \\/u\. In a metric space we do not have a direct 
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substitute for Vm, but one then says that a Borel measurable function g is an upper 
gradient of u if the above formula holds for all curves. In case g G L'p{X) one says 
that g is a p-upper gradient of m. If u € LP(X) has an upper gradient which also 
belongs to L^(X), then one says that u belongs to the Newtonian space N^’P{X), 
and give it the norm 



where the infimum is taken over all upper gradients g of u. 

For many questions it is desirable to have a minimal upper gradient gu of u such 
that the above infimum is attained. As it turns out however such a minimal upper 
gradient does not always exist, and we are forced to introduce the somewhat tech¬ 
nical concept of curve modulus to introduce weak upper gradients which satisfies 
inequality o for “almost every” curve, which is given a precise meaning thorough 
the concept of curve modulus. It turns out that there is a unique, as an element in 
LP, p-weak upper gradient gu of u, if u has an upper gradient in L^. 

The aim of this paper is to look at an alternative approach. We do not know in 
general how these spaces are related to the Newtonian ones, but at the very least 
we do indeed get the classical Sobolev spaces in case X is an open subset of R” 
with Lebesgue measure (which in turn are equivalent to the Newtonian spaces in 
this setting). 

To outline the approach assume that {X, dx, p) is a metric measure space, where 
X is separable and locally compact, and 0 < g{B) < oo for every ball B C X. Let 
M denote the set of all (non-negative Radon) measures on X which are dominated 
by p and have compact support, and let X = M \ {0}. In Section |4] we introduce 
a metric cJm on the set M, and we give X the induced metric. The idea is to first 
look at real-valued functions F" on X, and to relate functions / on X to such by 
the mean-value integral as follows. If p G X and / is a locally integrable function 
on X, then we define 



where ||p|| = J dp is the total mass of p. It is worthwhile to remark that if / is 


a locally integrable function on X, then point values are not really well defined 
(in the sense that we may have several representatives which are equal almost 
everywhere), but the value of Ff on elements in X is always well defined and finite. 
So the elements of X have a similar role to test functions. This is perhaps the major 
motivation for this type of approach. In some sense L^-functions are more natural 
to think of as certain type of functions on X rather than X, and hence it seems 
natural to see to what extent one can carry the calculus to this set in a natural 
way. 

In Section [5] we introduce a norm || • ||£p(x) on the set of extended real-valued 
functions on X, and we let denote the set of such functions for which this 

expression is finite. In case / G LP{X), then ||F7 ||xp(x) = ||/||lp(x)- K is also 
worthwhile to remark that the definition of the norm || • ||xp(x) does not depend on 
the metric cJm- 

In Section |6] we introduce upper gradients : X —>■ [0, oo] for real-valued func¬ 
tions F : X —>■ M. This definition is a pointwise (in X) local definition, and this 
definition does not depend on an integrability exponent, unlike the definition of 
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minimal p-weak upper gradients (it seems however to be an open question to what 
extent gu actually depends on the exponent p in general). As it turns out, in case 
F has a representative of the form Ff for some function / £ then also 

rp has a representative of the form Fg^ for a function gg € In partic¬ 

ular these upper gradients gj satisfies the strong locality property (see Theorem 
I6.20[) . This is also true for the minimal weak upper gradients in the Newtonian 
theory, but the corresponding result does not hold in the approaches by Hajlasz or 
Korevaar-Schoen for instance. 

Then we introduce the Sobolev-type spaces and norms §^’^’(X) and || • ||si.p(x) 
respectively in Section [T] Then, in Section [H we also introduce the space S^’P{X) 
as those functions / £ LP{X) such that Ff belongs to §^’P(X). These will be our 
analogues of Sobolev spaces on X. 

In Section [9] we prove that in case X is an open subset of M", dx is the usual 
Euclidean metric and p is the Lebesgue measure, then the classical Sobolev space 
H^’P{X) and the space S'^’^(A) coincides, and the norms are the same. Indeed we 
have gf = |V/| for such functions. 

We end the article with some final remarks about the particular choices made in 
the article and also mention questions for future research. 

It is also worthwhile already here to point out that the development of the theory 
over X depends only on some basic properties of rectihable curves in that space, and 
not directly of the underlying space X, and even the spaces S^’P{X) has an analogue 
5'^’^(X) defined on X in a way that need not make reference to X either. Although 
the above is not emphasised in this article, these facts opens up the possibility to 
develop a theory which is point-free such as in pointless topology for instance. 
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2. List of notation 

Some special sets 

• K: the set of real (finite) numbers, 

• Q: the set of rational numbers, 

• N: the set of natural numbers {1,2,3,...}, 

• Z: the set of integers. 

Some lattice notation 

• If a, 6 £ [—oo, oo], then a A 6 = minja, 6 } and a V 6 = maxja, b}, 

• If /, 5 are extended real-valued functions, then f Ag and /Vg denotes their 
pointwise minimum and maximum respectively. 

Some notation related to general metric spaces 

Below we let (Y^dy) be a metric space (i.e. T is a set and dy is a metric on Y). 

• B{y,r): ball with center y and radius r, 

• lk(T) : rectifiable paths 7 : [0,ti.y] —>■ Y subparametrized by arc-length (i.e. 
7 is 1-Lipschitz), 

• lk(T) : rectifiable paths parametrized by arc-length, 

• : length of a curve 7 , 

• / : upper semicontinuous regularization of the function / along curves. 
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• li AdY and e > 0 then = {?/ S F : dist( 2 /, A) < e}. 

Some notation related to metric measure spaces 

Below {X, dx, will always denote a metric measure space. More precisely, {X, dx) 
is a metric space, and /i is assumed to be a Borel regular measure such that 
0 < fi{B{x,r)) < oo for every ball B{x,r) C X. The space X is furthermore 
assumed to be locally compact and separable. 

• LP{X): p-th power integrable functions on X with respect to p, where 
P e [l,oo], 

• Lf^^{X): local T^-spaces on X. 

Notation related to 

• IP : all non-negative finite Borel measures with compact support in X, 

• If p G T then HpH = J drj denotes the total mass of p, 

• M = {j^g1P:0<i/< p}, 

• X = M\{0}, 

• If / € then F/ : X —>• R is defined by 


Ffiv) = 



• If p, z/ G M then 


rj f\v = min 


dr] dv 1 
dfi^ dfj, j 


r]\/ 1 / = max 


dr] dv 
dfj. ’ d]i 


]i. 


Let h : [0,oo) —>• [0,oo) be a strictly increasing continuous function such that 
/i(0) = limg^Q+ = 0, h(ei) + h{e 2 ) < h{ei + £ 2 ) for all £ 1,62 G [0,oo) and 
lime_>oo h{e) = 00 . 

If 14, ?7 G M and £, 5 > 0 then 




! Pz)2GM ■ 


M is at most countable, 

Vi, T]i G M for each i G M 

EiGMilIkill - ^ 

diam(supp(r'i) U supp(? 7 i)) < £. 


re(v,T]) = r^^h(^)(v,T]), 

dM(v, rj) ■= inf{£ : Tg^v, rj) ^ 0 }. 


Rectihable curves in 1R(M) are maps 77 : [0, 6 ^] —M, so for every s G [0, 6 ^] 
77 ( 5 ) is a measure in M, and it turns out that every such curve satisfies that 
UsG[o b,,] supp( 7 ?(s)) is compact, and that || 7 ?(s)|| is constant. 

Notation related to XP(X) 

For a fixed p G [1, 00 ) and a function F : X —> [~oo, 00 ] we introduce the norm 


Ill’ll 


£P(X) — sup 


E 





rji G X, supp(pj) n supp(r 7 j) = 0 if i ^ j 


. £P(X) = {F : X ^ R : ||F|Up(x) < 00 }, 

. FP(X) = {F; : / G FP(X)}, 

• '^foc(^); ^foc(^)’ local versions of X^'(X) and Lp(X) (see section ISTl) . 
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Notation related to upper gradients 

For a function f : X —>■ R and a number e > 0 we introduce: 

rp{r]) := sup 1^ ^ 3^(X) such that p(0) = rj and 0<s<eA6,yj 
and then we define 

rpir]) = fpir]) = \iin ^p{r]). 

£->0 

For any element r] G fR(X) we have 

\F(rj(s)) - F(rj(0))\ < f rp(rj(t)) dt. 

Jo 

In case / G Ll^^(X), and rpj^ G then there is an a.e. unique function 

5/ G such that 

rp^ = Fg^. 

Notation related to §^’^’(X) 

• l|i"IULP(x) := (l|i"II^P(x) + ll^^’IIL(X))'/^ 

. §i'P(X) = {F^ G LPi^) : ||i"||sLP(x) < oo}, 

. ^i'P(X) = {F’ G LPiX) : IIF^IUl.(x) < oo}, 

• S^’P{X) = {/ G LP{X) : Ff G S^’P{X)}. 


3. Preliminaries 

Given a metric space (Y^dy) we denote by B{y,r) the ball with center y and 
radius r (where the space Y should be understood from the context). For a set 
A CY and e > 0 we also introduce 

Ae = {yGY : dist{y,A) < e}. 

It is clear that A^ is closed, Aq = A and {As)s C A^+s- Furthermore we note that 
in case e„ decreases to e as n —oo, then A^^ decreases io A^ as n —oo. We also 
have for A G C and e < S that A C Ag. C C Cs- Finally, if Ff C P is compact 
and Y is locally compact, then there is e > 0 such that is also compact. 

A rectifiable curve 7 is a map 7 : [a,b] ^ Y where —00 < a < b < 00 such that 
the length Ij < 00, where the length is defined by 

[ ^ 

Ij = sup E dy(7(ai+i),7(ai)) : a < ao < ai < a2 < ... < ak+i < b 

[ i^O 

We say that a rectifiable curve 7 is subparametrized by arc-length if the map 7 is 
1 -Lipschitz, i.e. if for every a<s<s + t<b we have 

dY{j{s + t),j{s)) < t. 

In particular, if 7 is subparametrized by arc-length then for every a < s < s + t < b 
have 

t > sup < ^(iy(7(r(ai+i)),7(r(ai))) : s = ao < ai < ... < a^+i = s-\-t 
[ 2-0 
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(that is, the length of the curve 7|[s_s+t] is at most t). We let 31(F) denote the 
set of rectifiable curves subparametrized by arc-length. Unless otherwise stated we 
assume in this case that a = 0 and b = bj > 0 m the sequel. 

A rectifiable curve may always be parametrized by arc-length in the sense that 
there is an increasing function r : [0,/..^] —>• [a, 6] such that for every pair of non¬ 
negative real numbers s, t such that 0 < s < s + t < Ij we have 

t = sup |^dF(7(r(ai+i)),7(r(aj))) : s = oq < ai < ... < Cfc+i = s -|-t| . 

In case a = 0 , b = l-y and r{x) = x for each x, then we say that 7 is parametrized by 
arc-length. We denote the set of all rectifiable curves parametrized by arc-length 
by 31(F). For reasons that will be made clear later we will mainly work with the 
set 31(F) rather than fR(F) in this article. 

Remark 3.1. If 7 G 3?(F), then we write f(j(s))ds for the path integral of 
the function / over 7. 

We should also warn the reader already here that the points in our spaces will 
typically later be measures, so the notation f f dj will not be used for path integrals 
since this can be misunderstood. 

Indeed in this context f f dj{s) would denote the integral of / with respect to 
the measure 7(5). 

Prom now on by a curve we will always mean a rectifiable curve unless 
otherwise stated. 


Lemma 3 . 2 . Suppose f : [ 0 , a] - 
semicontinuous and 

f{s) - f{t) 


lim sup 


s — t 


and g : [0, a] —>• [0,00) are such that g is upper 
< g{t) for all t G [0, a]. 


then 


\fis) - /( 0 )| < [ g{t) dt for all s G [ 0 , a]. 
Jo 


The above no doubt well-known fact will be extensively used, and in particular 
it will be important when we study function restrictions to rectifiable curves. Some 
more terminology associated with (rectifiable) curves are as follows. 

Definition 3 . 3 . We say that a function / : F —>■ K. is 

(a) continuous along curves if lims_>t f{g{s)) = f{g{t)) for all g G 3 ?(F), 

(b) upper semicontinuous along curves if limsup^^j/(/^(s)) < f{g{t)) for all 
g€Jl(Y), 

(c) lower semicontinuous along curves if liminfs^t/(77(s)) > f{g(t)) for all 
g G ^(F). 


Given a function f'.Y 
tion over curves / of / as 


we introduce the upper semicontinuous regulariza- 


hv) = 1 ™ (sup{/(7(r)) : 0 < r < s,7 G 3?(F),7(0) = y}) . 





SOBOLEV SPACES 


7 


Note that for any <5 > 0 and £ > 0 there are a curve 7 and r S [0, 6) such that 

\f{y) - filir))\ < e. 

Indeed we even have the following result 

Lemma 3.4. If f :Y —>■ K and y G Y then there is a curve v S 3l(Y) such that 

f{y) = limsup/(p(s)). 


Proof. In case f{y) = f{y), then we may simply let n be the constant curve with 
value y. Otherwise we may by definition inductively choose sequences Sn and £„ 
decreasing to zero and curves G such that 

( 1 ) 0 < < e„, 

(2) i/„(0) = y, 

( 3 ) fiy) < fiVniSn))+£n, 

(4) £„+i < 

Let 

n —1 00 

kn = Sn + 2'^6j, b = 2y^Sj. 

i=i 

We define 7 : [0, 6 ] —^ F such that 


lit) 


^nij^n “ 1 “ 

y. 


t G \hri ^n) 

t G \kn-i kfi “h 

t = b. 


Finally put = 7(6 — t). It is easy to verify that u G ^{Y) (7 simply consists 
of rectifiable curves subparametrized by arc-length going back to forth from y and 
then patched together). If we define 


CO 

r u — dji + 2 ^ ^ Sj , 

j=n+l 


then 

/ n-l \ 

P(7’n) = 7(& - = 7 Mn + 2 ^ ^7 = li^n) = Pn(^n)- 

Hence we get 

f{y) < limsup(/(p(r-„)) +e„) < limsup/( p(s)) +limsup£„ < /(y). 

n—^co s—¥0 n—^oo 

□ 


Throughout the article we let {X, dx, y) be a hxed metric measure space such 
that 

0 < y{B{x,r)) < oo for all balls B{x,r) of radius r and center x, 

X is locally compact, 

X is separable. 

(Actually the last part is a consequence of the first two assumptions since X = 
supp(/r).) 
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For p € [1, c»] we use the notation 

LP{X) 

to denote the class of all Borel measurable extended real-valued functions / such 
that 

\\f\\LHx) = (^J\ffdp^ <oo (pe[l,oo)), 

II/I|l“(x) =esssup^g^|/(a;)| < oo. 

The spaces are also defined as usual. 

If y is a set and f,g:Y —>• K then we introduce the following lattice notation: 

fyg{x) = max{/(a;),g(x)}, f Ag{x) = min{f{x),g{x)}, 

which makes the set of all such functions into a lattice (if we restrict attention to 
real-valued functions these forms a vector lattice). 

A measure 77 on X will always refer to a non-negative Borel measure such that 
r]{B(x^r)) < 00 for all balls B{x,r). For any measure g we also let ||r7|| denote 
its total mass. These measures on X also carries a natural partial order, and it is 
well-known to be a lattice. For any Borel measures g,v on X we denote their least 
upper bound and greatest lower bound hy gV u and g Au respectively. 


Lemma 3.5. Suppose K(t) C X is compact for each t G [OiT]. Suppose further¬ 
more that for any s,t G [0, T] we have with e = |s — t| 

Kit) C X(s)e. 


Then 


is compact. 


U 

te[o,T] 


Proof. Let 

/(s) = sup{e : K{s)e is compact} . 

Clearly /(s) > 0 for each s. Let c = ^ inf{/(s) : s G [0,T]}. Suppose c = 0, then 
there is a sequence converging to some s in [0, T] such that /(sn) —>■ 0 as n —>■ 00 . 
But if we put 6 = /(s)/4 > 0, then for |s„ — s| < i5 we get 

KiSn)s C iKis)s)s C X(s)25, 

which by definition is compact. Hence we get a contradiction, and we see that 
indeed c > 0. But now we get 

IJ Kit)cKiO),UK{c),U...UK{nc)a 

tG[0,T] 

where nc < T < [n -\- l)c. The right hand side is compact, so it only remains 
to show that Utg[o t] -^(0 closed. So suppose that x G Utg[o t] Then by 
definition there is for each n a point Xn G Ute[o t] such that dxixn,x) < 1/n, 
and then there are tn G [0,T] such that G K{tn). We may assume, by passing 
to a subsequence, that converges to t as n —>■ 00 . If £ > 0, then for every n so 
large that |f — t„| -I- 1/n < e we have 

X G Kitn)lfn C Kit)^. 
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Since e > 0 was arbitrary it follows that x G K{t) C UtG[o t] K{t). 


□ 


4. The space 

We let T denote the set of all measures with compact support in X and 

!M = {pG1P:0<p< /r}. 

In particular 0 G M. We note that M is locally closed for the weak*-topology in 
the sense that any sequence 77^ G M such that 77^ ^ 77 in T and U^i swppirji) is 
contained in a compact subset of X, then 77 also belongs to M. 

Remark 4.1. A measure p belongs to M if and only if there is a measurable 
function ^ : AT —[ 0 , 1 ] with compact support such that z/ = Also note that the 
lattice operations are equivalent in the following sense if Vi = (j)in: 

VlV V2 = i4>l V Pi a P2 = i4>i A (/'2)/^- 

Furthermore ||p|| = and if Vi = (pifi and v = (pfi belongs to M, then Vi 

converges weak* to p in M if and only if (pi converges weak* to <p in (/r). Hence 
one could alternatively think of the elements in M as consisting of all such functions 
(j) rather than measures with essentially no changes in the proofs below. 


We will now introduce a metric djvt on M. To do this we first fix a strictly 
increasing continuous function h : [0,oo) —>■ [0, 00) such that 

h{ 0 ) = lim —^ = 0, 

E^0+ £ 

h{£i) + h{£2) < h{ei + £ 2 ) V£i, £2 G [0, 00 ), 
lim hie) = 00. 

e—^C )0 


One example of h is h{e) = £® for any fixed s G (l,c»). The construction of 
the metric depends on decompositions of measures, and it will be convenient to 
introduce for 77 and p in M and £, ^ > 0 


re, 5 (p, 77 ) = < 


(Pi, ‘l]i)ie:M • 


M is at most countable, 

Pi, 77i G M for each i G M 

EiGMillloll - ll?7*ll| < <5, 

diam(supp(Pi) U supp(77i)) < e. 


We also introduce 

re(p,?7) = rE,7i(E)(p,77). 

To make the notation less cumbersome we will often drop the index set when it is 
clear from the context and simply write (vi^rji) G r£^5(p,77). 


Remark 4.2. Of-course we could in the definition above have worked with only 
N instead of a general set M, but this is for convenience later, since we often will 
have for instance double subscripts, and we wish to avoid the need to relabel these. 


We now introduce a metric on M as follows: 


( 2 ) 


dM(p, -n) ■= inf {e : re(p, 77) 0} . 
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Remark 4.3. Note that if we put rji = r], vi = v and rji = = 0 for i ^ 1, and 

simply choose e > 0 large enough such that |||77|| — ||i^||| < h{e) (which is possible 
since h{e) —>• oo as e —>• oo) and diam(supp(j/)Usupp(?7)) < e then {vi,r]i) € Tg{v,r]) 
and hence dyA(v,r]) < e. So is always finite. 

Remark 4.4. It is easy to see that we could just as well have restricted ourselves 
to finite sums rather than countable ones in the definition of without altering 
the metric djA , but allowing countable sums makes it easier to work with. 

The choice of h of-course makes a difference for the metric in the sense in how 
expensive it is to enlarge the mass, but the particular choice of h will not be very 
important to us as we will see, because we will work mainly with rectifiable curves, 
and the role of h then just becomes to force the total mass of the measures along 
such a curve to be constant (which will always be the case as long as h satisfies the 
assumptions above). 

Here are some simple consequences of the definition: 

Theorem 4.5. Suppose d-M{v,Tf) < 6, then 

( 1 ) \\W\\-M\<h{S), 

( 2 ) 77((supp(i/)5)^) < h{6). 

Proof. Suppose S < e. Then by definition there is an element ivi^rji) G Tgiy^ri)^ 
and by definition this means that 

E OO v^OO 

d = 2Zi=im. 

diam(supp(i/i) U supp(?7i)) < e. 

Therefore 

OO 

llli^ll - ||?7ll| < ^|lk*ll - ll??i|l| < ^(e)- 

By continuity of h we get that 

Now let I denote the set of all i such that r'i ^ 0 above. Then it is clear that 
supp(77j) C supp(r'i)E C supp(i/)e. Hence 

v{{snpp{i^)eT) < WdiW < H^)- 

Again by continuity of h and the fact that (supp(j^)5+i/„)'^ increases to (supp(j^)5)'^ 
as u —>■ oo we get the desired estimate. □ 

Lemma 4.6. Suppose 77, i/, 7^,7,^ £ M are such that also 77 + 7;^, 7+ 7^ £ M. If 
117;^ +7r;ll < d and ^ 0; Ts,5{i'++ Jrtw) 0. 

Proof. Suppose (r'i,77i) £ T Now cover the support of 7 j/ +7?, by 
finitely many balls i?i, R2, ■ • ■, of radius at most e/2, let 

r iAbi i = 1 , 

Bj 1 < * < 

I i > k, 
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and 


Vi = 


Vi-k 


i = 1, 

1 < i < k 

i > k, 


Then it is straightforward to show that (p', 77') € + 7i/, V + Iv)- 


□ 


The following lemma will be first of all used to prove the triangle inequality for 
divt- 


Lemma 4 . 7 . Suppose rj,v belong to M, e,S > 0 and that (y'j,v'j) £ ^e,s{v,r]). Sup¬ 
pose also that rj = X^^i Vi where each rji belongs to M, and let 6j = \ \Wj\\ — llbjll|- 
Then there is for each j £ N 

{k'ij jVi,j')i€iN ^ ^ e^5jiyj^Vj) 
with the additional property that for each i G N 

00 

Vi = ^Vr,3- 


Furthermore, if we define = X]^i Pi = S^i lll^bill “ Il 7 *j|||: 

then 


{k'i,j,Vi,j)j€fi S for each i £ N. 


Finally we have 


iyi,j iVi,j')i,j£^ ^ < 5(^7 7 )' 


Proof. If we let (p, (pi and p'j denote the densities of 77, rji and 77' with respect to fi 
respectively and define riij = pijp, where 




4 >i{x) 4 >'^{x) 


0 


p{x) > 0, 
p{x) = 0, 


then 

CO 00 

Vi='^ Vij and 77' = ^ -gij. 

j=l i=l 

We have \\r]'j\\-Sj < ||p'|| < \\r]'j\\+Sj, so Y.T=i Sj < 6 , and we will now divide each 
p' into pieces Vij such that 


00 00 

X! IIIII “ ll^*’J' II \ -^ 3 ’ 

i=l i=l 


and then verify that these measures satisfies the other required properties of the 
lemma. 

Let / = {j G N : 77' = 0 }. If j G / then we have ryj = 0 as well for all i, and we 
simply let vij = vi and Vij = 0 for i > 1. 

In case j G N \ / then put 

«i = Kll/h'll 


ll^bjll 

11 ^', II 


and 
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Since Vij < v'j it belongs to M. It is also clear that 


i=l 





Since for any i,j £ N we have svcpp{r]ij) C supp(? 7 ') and supp(r'i_j) C supp(z/) 
it is clear that diam(supp(7yij) U supp(z/i^j)) < e. 

For j £ N \ I we have 


HW 

\W'\\-H\\\=s,. 

In case j £ N \ /, then 

OO CO 

Hence we see that 

The second statement also follows trivially by definition from the above state¬ 
ment about the supports of the measures. To prove the final claim we have 


|at - 1| = 


h'l 


- 1 


In case j £ I, then 

OO 


= 


Elii^*ii-11^*111 = E 


OO 


OO 


Eii^foii-Eii^foii 

f=i i=i 


OO OO 

<EEIii^foii-ii^foii 

j=l i=l 


= E^i<^- 

f=i 


□ 


Theorem 4.8. (MjcIm) is a metric space. 

Proof. To prove that dyA{ri, rf) = Q for every £ M let e > 0 and cover supp(r 7 ) by 
hnitely many balls 

i?i, 52,..., Bfe 

with radius at most e/2, put 

{ v\b^ i = 1 

Bi) 1 < * < . 

0 i> k 

Then {rji.pf) £ re(77 , 77) so dMiv.'n) < £■ 

To prove that dM{ri, v) = 0 ^ rj = v it is enough to show that J f d-q = J f dv 
for every uniformly continuous function / with values in [0,1]. So given e > 0 we 
may choose S £ (0,e) such that 

inf / > sup / — £ Vx € X. 

B{x,S) B{x,S) 
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Then we may by assumption choose {i'i,rii) € rs(i^,ri) and we get with Ai = 
supp(z/i) U supp( 77 i) 


fdv-jfdr] = / ~ I 

2 = 1 ^ 

V (sup/||i/i|| + /(/- sup/)dp, - sup/||r7i|| - [ {f - sup f) dij, 
\ Ai J Ai Ai J Ai 

2=1 ^ * i i i 

CO CO 


2=1 

OO 


< “ ll'?*ll| +^(11^1 + ll^ll) ^ Hd)+£{\W\ + hll) < h(£) +e(||i^| + ||?7|1). 

i=l 

That dM(p, v) = p) is obvious, so it remains to prove the triangle inequality. 

Suppose therefore that p, r G M with 

dM.{p,0<£i and dMii,T) < £ 2 - 
By the definition of the metric djyi there are 

{PiT^i) S ^eiiPT i)i 
G re,(^,r). 

By Lemma [4771 applied to p = r, 77 = ^, 77 ^ = and Sj = 11|^'|| — llTjll| we may now 
find 

such that 


G re 2 /,(^',T') for all j G N 


= X J' i G N. 

i=i 

We will now apply Lemma iTTl again, but this time for each k applied to v = pk, 
V = ^k, Vi = so that ri = Vi- If we let 


v 7 = 1 

0 j>l ’ 


dn = 


V J = 1 
0 J>1 


and 


d, = \\W,\\-H\\\, 

then (j/jpWeN G ^ei,5i{Pi^ii) by definition. Now we let pk,i = Vi, where Vi is as 
in Lemma [4.71 and we get, since Vi < v, 

diam(supp(pij) U supp(^i_ 7 )) < diam(supp(pi) U supp(^i)) < £1 for all j G N 
and 

00 

Xlii/^Liii-iie.oiiUM^i)- 

jj'=i 

Furthermore by construction for every i,j such that 7 ^ 0 we have 
diam(supp(pij) U supp(ri_j)) < £1 + £ 2 . 

If we let / = {i,j : ^ 0} then we get 

X - ikijiii+X +X 


i,3£l 
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< E \\M\ - + E + E lii^^^-ii - ii^^^iil + E ii^mII 

i,j&I i,j^I i,j&I i,j^I 

< h{ei) + h{e2) < h{ei + £ 2 )- 

From this it follows from Lemma [ 4.61 that indeed dM{p,T) < £1 +£2, so we have 
proved the triangle inequality. □ 


Proposition 4.9. Suppose K G X is compact, and that the measures pi,r] € M. 
where all rji have support in K. Then rji ^ rj in M, if and only if rji ^ rj weak*. In 
particular the set 

= {?7 S M : supp(?7) C K} 

is a compact subset o/M. 


Remark 4.10. In particular, in case X is compact then so is M, and hence it is 
complete. In case X is not compact, then the space is not even complete. 

To explain why let 0 < (j){x) < 1 for all a; G X and J (j) dp < 00, but such that 
4 > does not have compact support. Then we may define = 4 ‘P‘\B{o,n)- Each pn 
belongs to M, and it is easy to see that it is a Cauchy sequence in M. But of-course 
it does not converge to an element in M. This is in a sense the price we pay to 
require that all our elements in M should have compact support. However as we 
will see in the next section this is not an issue for rectifiable curves, and hence this 
will not be an actual problem for us. 

Furthermore note that since convergence in M by the above implies weak* con¬ 
vergence of the densities in L°°{p) this implies that if 77^ —>■ 77 in M, then 

J f drj, J S ■^ioc(^)- 


Proof. Assume that rji converges to 77 = rjoo in the weak*-topology. We will now 
prove that rji converges to the measure rjoo in Given e > 0 we may cover K 
by finitely many balls B[x\,e/2), B{x 2 , s/2),... ,B{xk, s/2). Choose a partition of 
unity fi, f2, ■ ■ ■, fk of continuous functions such that 


k k 

'^f,{x) = l \/x G [j B{xi,s/2), 

i —1 i —1 

0 </, <1 V7G{I,2,...,A:} 

and 

supp(/j) C H(a;j,£) Vi G { 1 , 2 ,..., fc}. 

Now we define for each i,j the measures rjij = fjPi, and conclude that 


d-M{rioG,rii) < max h' 


\\\Vi,j\\ - ll» 7 o 


and since the first factor goes to zero as i —>■ 00 we get the statement. 

In case rji converges to rj in (M, and supp(77i) C K for each i, then for any 
e > 0 we get ri[K^) < h{e), and hence r]{K^) = 0 . So supp(77) C K. Furthermore, 
by the above argument, if a subsequence converges in the weak* topology, then 
the limit must be rj, and hence we also get the opposite direction. (Note also that 
{v G JA : supp(j7) C K} forms a compact subset under the weak* topology, and 
hence any sequence in this set contains a convergent subsequence.) □ 
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Proposition 4 . 11 . Suppose r ]^,..., belongs to M and satisfies ?7^) < 

Ek for each k = , N — 1 . Let r € { 1 , 2 ,..., N} and suppose that 

CO 

where each 7{ G M. Then there are measures 7^ in M, k G {l, 2 ,...,iV} \ {r}, 
such that 

( 1 ) v’" = for all k G ( 1 , 2 ,..., iV}, 

( 2 ) dM{'li^'^,^i) < for all k G { 1 , 2 ,... ,N - 1 }, i gN 

(3) 1 1 Il7f+' II - Il7f III < Hsk) forallkG{l,2,...,N-l}. 

Remark 4 . 12 . In case N = 2 and we have strict inequalities this is a special case 
of Lemma EH 

Proof. It is enough to prove this for the case N = 2 , since then we may simply 
iterate this result. By symmetry in this case we can also without loss assume that 
r = 1 . Let n G N and choose 

(p',? 7 ') G r^i+i/„(p,? 7 ). 

Now apply Lemma [ 4.71 to 


II 



2 



y = r] , 

r 

7i 

i = 1 

m = { 


II 

to 

[ 

0 

i > 2 


to get measures 7^(n),p^(n) (with the notation of Lemma l 4 ? 7 l 'y\in'] = vi and 
v‘^{n) = V — vi) such that 7i(n) + p^(n) = rf^ and: 

< ei + 1/n, 

,v‘^{n)) < £1 + 1/n, 

|ll7ii - Il7f(«)ll| + |I|J^^II - l|i^^(n)ll| < K^i + ^/n). 

If we do this for each n we get a sequence of measures, and since the measures 
72 (n) and v^ln) all have support in the compact set supp(77^) it follows that there 
is a sequence ni, n2,... such that both 7i (nj) —>■ 7^ and —>• as / —>■ 00 for 

some measures 7i, G M. It is clear that we still have 7^ + and that by 

construction 

'^m( 7 i, 7 i) < £1, 

< El, 

|II7!II - Il7?(n)||| + |||ni - ||p^(n)||| < h{ei). 

In the next step we may apply the same construction to the measures and 
but this time within the class ,r''^) where 5 = h{ei) — |||7{|| — ||7i|||, to 

get our measure 7I, and iterating this leads to a sequence of measures 7/ with the 
properties that for each j 

d-Mil],!"^) < El, 
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E|II7,H|-Il7fll| + 

i=l 

Hence we see that p = rf — li is an element in M with total mass not bigger 
than h{ei). In case it is not zero, we may by Lemma 14.61 simply add it to any of 
the measures, say 7 J, and we get the required measures. 

□ 








< K^i)- 


An important principle for us will be how one can estimate distances in M in 
case one measure is given from another one trough a measure preserving map as 
follows. 


Theorem 4.13. Suppose the map H : X ^ X is a homeomorphism sueh that for 
any compact subset K of X we have p{K) = cp.{H~^{K)) where c € (0,1] is fixed, 
and that there is a number t > 0 sueh that 

dx{x,H~^{x)) < t for all x G X. 

Suppose furthermore that ^ ^ [0,1] is measurable and that (supp(0))t is a 

compact subset of X. Then c{(j) o H)p,, (fp, € 3vt and 

dM{c{(l>o H)p,(j)p) < t. 

Remark 4.14. Obviously (since 77 is a homeomorphism) the condition p{K) = 
cp{H~^{K)) is equivalent to p{H{K)) = cp{K) and dx{x,H~^{x)) < t for all x £ 
X is equivalent to dx{x,H{x)) < t for all x G X. 

Proof Let e > 0 and choose (5 £ (0, e) such that 

dx{H~^{x),H~^{y)) < e for all x,y G (supp((/)))t such that dx{x,y) < 6. 

We may write supp((/)) = Ai U A 2 U • • • U Ak, where the sets Ai are disjoint and 
measurable with diameter at most <5. Let 

Vi = c((()>XaJ o H)p and = {(j)XAi)p- 

Then 

k k 

c{(j) o H)p = T]i and (j)p = Vi. 

i=l i=l 

Since it follows from the assumptions on H that 

c j f o H dp = J f dp ioT a\\ f G L^{X), 

we see that \\vi\\ = ||?7i|l. Furthermore, since supp(;zi) C Ai and supp(? 7 i) C 
H~^{Ai), we have 

diam(supp(r'i) U supp(? 7 i)) <t + e + 5<t + 2e. 

Hence 

dM{c{(f> o H)p, (fp) <t + 2e. 

Since e: > 0 was arbitrary the result follows. □ 


The next theorem will not really be useful to us since it concerns non-rectifiable 
curves, but it explains a bit of the nature of the metric space M. (In particular we 
should note that a very natural type of curve will typically be non-rectifiable with 
our metric (Im-) 
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Theorem 4.15. M is path-wise connected. Indeed if rj,!^ £ Jd then (1 — t)r] + tv, 
0 < t < 1, is a (typically non-rectifiable) path connecting rj to v. Furthermore 
djAiPi (1 ~ t)r] + tv) < dj^iv^ ^)- Hence M is also path-wise locally connected. 

Proof. Let e > dM{v, p)- We may then choose {vi, rji) G T,;{v, rj). Now we split 

OO OO 

(1 - t)r] -j-tv = ^(1 - t)rii + ^ tVi, 

i=l 

and 

OO OO 

i=l i=l 

If we apply the definition of the metric to these decompositions of the measures we 
see that indeed the diameters of the unions of the supports are unchanged, and 

OO OO 

XIIII (i”*)*^* II “ 11(1-0^*111+Xlii^^*ii “ ii^^*iil 

i—1 i=l 

OO 

= iXlii’i*ii “ ii^*iil < ^^(0 < ^(0- 

Hence we see that dM(^, < e. Now we may also do a similar argument to 

{l-s)r]-\-sv = E“i(l-s)^* + E“i and {l-t)p-\-tv = Efci(l-0??i + E*“i tvi 
and note that since 

OO OO 

Xlll(i “ ®)^*ll “ 11(1-0^*111 +Xlll«^*ll - ll^^*lll = 0- ^Khll + ll^ll)> 

i=l i=l 

it follows that the curve is continuous as stated. □ 


4.1. Rectifiable curves in M. Rectifiable curves will play a crucial role for us in 
our construction of Sobolev type spaces. Both of the results in the first theorem 
are rather direct consequences of our definitions, but they will be important to us 
later. 


Theorem 4.16. If p £ 1R(M) then 

(1) |li?(t)|| is constant, 

(2) If s,t £ [0,b,^] and \s — t\ < e, then supp{ri{t)) C {snpp{ri{s))),;. 

Remark 4.17. Note in particular that part (2) implies, according to Lemma [3.51 
that for a given curve p £ 1R(M) the set Use[o &„] supp(? 7 (s)) is compact. This 
is what we meant by that the non-completeness of the space (in case X is not 
compact) is not an actual problem for rectifiable curves, since we have control of 
the supports. 


Proof. (1): This follows from Lemma 13.21 since 


lim sup 

S — 


h(^)ll-lh(0ll 

S — t 


< lim sup 

s^t 


^(|5-^l) 

\s-t\ 


= 0 . 


(2): Let t be fixed. It is enough to consider the case s = 0, e = t (by time reversal 
and/or translation if necessary). To do so let A = supp(r7(0)) and we will prove 
that for any given N £N and any k £ {1,2,..., N} we have that 


( 3 ) v{kt/N)iiAkt/N)l < {2k - l)h{t/N). 






18 


T. SJODIN 


From this the result follows, since then 

r^{t)iA<l) = < i2N - l)h{t/N) = 

which by the assumption on h goes to zero as N ^ oo. The case fc = 1 is simply 
by definition since c?m(i?(0), ? 7 (t/iV)) < t/N. Assume now that formula ([3]) is true 
for all /c < fco + 1- Then we may write 

r]{kot/N) = 771 + 772 , 


where 

771 = 77 (feof/ 7 V)U,^^/^, 772 = r]{kot/N)\Ai^^^^. 

We may then according to Proposition 14.Ill write r]{{ko + l)t/A^) = ?7i + »72 where 
for * = 1,2. In particular II 772 II < h{t/N) + II 772 II < 2koh{t/N). 

Also 

77'((supp(77i)t/^r)°) < h{t/N), 

and since 


supp(77i)i/jv C (Afe(,t/jv)t/Ar C 


we get that 

Vi{^lko+i)t/N) ^ h{t/N). 

Summing up we get 


77((fco + l)V-^)(^(fco+i)t/Ar) ^ (2^0 + l)^(f/-^) — (2(^0 + 1) — ^)d{t/N), 
and the proof is done. □ 


The following is a fundamental adaptation of Proposition 14.111 to rectifiable 
curves. 

Proposition 4.18. Suppose that M is at most countable, 77 G fR(M), t G [0,6,,] 
and 7 i G M for each i G M are such that ri{t) = d'hen there are curves 

r]i ; [0, hr^ —>■ M m fR(M) such that 

( 1 ) r]i{t) = 7 i for each i G M, 

(2) i?(s) = for each s G [0,6,,]. 

Remark 4.19. Note that the curves rji has length at most 6 ,, but there are certainly 
situations where, for a particular i, the curve may have strictly smaller length even if 
77 G 1R(M). For example, suppose 771 G lk(M) and 772 G M are such that the supports 
of 7 ?i(s) and 772 are separated from each other for all s, and define 77 ( 5 ) = 771 ( 5 )+ 772 , 
then with 71 = 771 ( 0 ) and 72 = 772 it is clear that the construction will simply give 
us back the maps 771 ( 5 ) and 772 ( 5 ) = 772 . 

It is mainly for this reason that we prefer to work with 1R(M) rather than lk(M). 
Proof. First of all we note that according to Theorem 14 .1 61 the set 

K = y supp( 77 ( 5 )) 

sG[0,h,,] 

is compact. So below all measures belongs to 

3C = {77 G M : supp(77) C K} , 

which we know is a compact subset of M. Furthermore it is easy to get the general 
statement from the case t = 0 and M = N, which we assume below. 
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If 6 ,; = 0 , then there is nothing to prove, so we therefore now assume that 6 ,^ > 0 . 
For each n we may divide [ 0 , brj] into dyadic pieces 


1 fc 2” 

0 < 7:-bn < . . . < —br, < ... < —bn = 

On 'I 2"^ 


Let us introduce 


Dn = {s G [0, bn] : there is a number k such that s = kbn/2"'}, 

and 

U = < s S [0, : there are numbers k,n such that s = -^bn f = [J Dn. 

Clearly Dn, increases with n and D is countable and dense in [ 0 , 6^]. 

For each N we may now apply Proposition 14. 1 f] to the measures rj{s), s £ 
and our 7^ to get decompositions of the form 

• V{s) = T,Tj=i for all s £ Dn, 

• EZ=1 + Ar,/2A\\ - \\AAbr,/2^)\\\ < h{bn/2^) 

for all fc = 0,1,..., 2 ^, 

• diam (supp(?7,^j ((fc + l) 6 ^/ 2 ^)) U supp(77,^j (fc&^/ 2 ^))) < 6 ^/ 2 ^. 

Now we define 

00 

lZ{s) = ^A{s)- 
1=1 

Then we have by definition 

dM( 7 f((fc +1)^/2^), 7 f(fc^/ 2 ^)) < bn/ 2 ^. 

Note that if we iterate this we actually have for every n < N 

dM(7f ((ft + l)6,/2"),7f (fc6,/2")) < 6,/2". 

Now let F = {Fi,F2) : N —>■ N x Z? be a bijection. Then there is a subsequence 
7fi(i)(^2(l)),7fi(i)(-ft2(l)), ■ • ■ of 7”^(^)(F2(1)) (defined for all n larger than the 
smallest n for which ^2(1) belongs to Dn) which converges to some 7i7’j(i)(F2(l)). 
From the subsequence 1 ^( 2 } {F 2 { 2 )),i 2 (, 2 ) (^2(2)),... we can now pick out a con¬ 
vergent subsequence which converges to some 7^j(2)(F2(2)). If we proceed this way 
we hence end up with a family of measures 7i(s) for each i £ N and each s € D. 
First of all we note that for every £ N we still have 

dMh^{{k + l)bn/ 2 ^),-f^ikbn/ 2 ^)) < bn/ 2 ^. 

This is so simply because by definition of 7i((fc-|-l)6,,/2^) and 7i(fc&^/2^) there will 
be a subsequence mi, m2,.. .of N such that 7™^ (fc6^/2^) converges to 7i(fc6^/2^) 
and 7™^ ((ft + l)&,,/ 2 ^) converges to 7i((fc -|- l)&^/ 2 ^) as j —>■ 00. Since the corre¬ 
sponding inequality holds for 7™'’ the statement follows. 

This however implies that the maps : D ^ JC are 1 -Lipschitz, and hence we 
may uniquely extend them to such maps defined on [ 0 , bn]. These are the required 
curves. 

□ 
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Corollary 4.20. Suppose M is at most countable, rj G D?(M), /Xi G M for each 
i G M and that 

ieM 

Assume furthermore that 0 < to < ti < ... < tm < bj^. Then there are curves 
Vj G !R(!M), j G N such that 

• for each j G N and k G {0,1,..., m} there is G M such that 

• v{s) = T.’jLi ^ ^ [O’ ^v]- 

Proof. Let fj,i = (j)ipi. If m = 0, then we may apply ProDOsition l4.18l to the measures 
7 i = ’PiVi'lo), and the statement follows. Now we proceed by induction. Suppose 
the statement holds up to m — 1. Then there are curves i/j G fR(M) such that 

• for each j G N and /c G {0,1,..., m — 1} there is ifc G M such that 

v'jitk) < 

• V{s) = T,T=i ^ ^ [O’^'?]- 

Now we apply Proposition 14.181 again but to each of the curves 12 ', t = tm and 
T'(bi) “ This gives us curves rii^i j'^ G IK(!M) such that 

• for each j G N 

— Mil 

• = E*eMM(»j)(s) for every s G [0,6^]. 

Hence 

m(s) = = X! 

j'eN (2,j)GMxN 

So if F : N —>■ M X N is a bijection, then with Vj = riF{j) we get that 

00 

vis) = E Fj{s) for all s G [0,6^], 

and also for every j G N there is (i, k) such that Fj{s) = V{i,k) < ^'kis) holds for all s, 
and hence for every k G {0,1,. ..,m—1} we have that there is, by the assumptions 
on Fj, ifc G M such that p'j(tfe) < v'jitk) < Tik- This finishes the proof. □ 

Generating curves through measure preserving families of maps is crucial for our 
applications later. 

Theorem 4.21. Suppose c : [0,r] —>■ (0,1], for every t G [0,r] the map Ht : X ^ 
X is a homeomorphism and that the map {t,x) 1 — Hf^{x) is jointly continuous in 
t and X. Suppose also that for every t G [0,r] 

c{t)fj,{H^^{K)) = fJ,{K) for all compact subsets K of X, 

and that for all s,t G [0,r] we have that 

dxiHf^[x),Hff^{x)) < |s — t| for all x G X. 

If 4> '. X ^ [Q, 1] is measurable and such that (supp((/)))t is a compact subset of X, 
then 


r]{t) = c{t){(j) o Ht)fi G Jl(M). 
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Proof. Let e > 0. We mimic the construction from the proof of Theorem 0331 and 
define the measures 

r]^{s) = c{s){{(j)XAi) o 

where supp((/)) is a disjoint union of the sets Ai, A 2 ,...Ak which are measurable 
with diameter at most i5 G ( 0 , e) such that 

dx{Hf^{x),H-^{y)) < e 

for all s G [0,T] and x,y G (supp((/)))t such that dx{x,y) < 5. 

Then, as in the proof of Theorem 14. 131 we see that ||? 7 i(s)|| is constant, and that 
diam(supp(77i('S)) U supp( 77 i(t))) < |s — t| + 2 £. 

Hence 

djA(Tq{t), 77 ( 5 )) < |s - t| + 2 e. 

Since e > 0 is arbitrary we see that ry : [0, T] —>■ M is 1-Lipschitz, which proves the 
statement. □ 

Example 4.22. Our most important example will be when X is an open subset 
of M", dx is the usual Euclidean norm and fi denotes the Lebesgue measure. 

The most important type of curve for us will be given by translation. Suppose e 
is a unit vector in R" and 0 < (/) < 1 where (j) is a Borel measurable function with 
compact support in X. If we put 

V{t) = </'(• + 

Then it follows from Theorem 14.211 above that rjft) G !R(M) defined for t G 
such that Ute[o b„] ^ compact subset of X, and in particular 

dM{v{s),v{'t)) = |s-ti¬ 
lt is also worthwhile to consider for a fixed r > 0 

~ (^j. _|_ ^ d\B{x,r+t) 

(note that ||? 7 (t)|| is constant). Then it is again easy to see, using Theorem 14.211 
that dxiivis), vi^)) = N — t|, and hence it forms a curve in fR(M). 

It should also be remarked that if we replace the Lebesgue measure by some 
other measure fj.' = ipy (where y, still denotes Lebesgue measure), in case there is 
a constant c > 0 such that ip > c, then cr]{t), where ri{t) is as above, belongs to M' 
where 

M' = {v : 0 < V < y', supp(p) is compact.}, 
and it is easily seen to be a rectifiable curve in X', with the metric dM'■ 

5. X^-SPACES ON X 


Let 

X = M\{0}, 

and we give this set the induced metric djvt- 

For any function F : X —>■ R we define the X^’(X)-norm: 

(4) 


k 

E 


\nv^)n\v^ 


i/p 


II-F'IUp(x) = sup 


: r]i Gl, supp(r73 n supp(r 7 j ) = 0 if i j 
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We also introduce the space Lp{X) to consist of all F : X —K such that ||F||£p(x) < 
oo. Note that in case |F( 77 )| = oo for some 77 , then ||F||£p(x) = 00 trivially, so every 
function F € X^’(X) maps X into M. 

Remark 5.1. Although obvious it is worthwhile to note that there are no mea- 
sureability assumptions on the functions F. Any function defined for all elements 
in X would do. In particular we do not need to worry about such issues when we 
do constructions like the upper semicontinuous regularization along curves F for 
instance. 


Lemma 5.2. L^iX) is a vector space, and || • ||xp(x) “ norm on this space. 

Proof. Suppose F,G € Lp{X) and a S M. If ||F||xp(x) = 0 then |F( 77 )|p|| 77 || = 0 
for every rj G X. Hence F{ri) = 0. It is also immediate by construction that 
||a^"IUp(X) = |a| ■ ||^"IUp(X)- Finally to prove the triangle inequality we have 

^ |F(770 + G(770nh.|| j = f 

C fc \ 1/p / fc \ 1/p 

E j + fE, 

where we in the last step simply applied Minkowski’s inequality for the counting 
measure. 

Hence we see that F+G and aF also belongs to £p(X), and the proof is done. □ 

Lemma 5.3. Suppose Fj : X —>• R, 1 < j < 00 and F, G : X —>■ M. Then the 
following holds 


(1) 

IfO< 

Fl < F 2 then ||Fi||£p(x) < IIF 2 II 

£P(X), 

(2) 

IfO< 

F,/F then ||F,|Up(x) / ||F| 1 , 

CP(X), 

(3) 

II 

1 ■F;IUp(X) 

<Er=ill^:/-|UHX), 


(4) 

lll^l- 

^ £p(X) 

< |F - G |£p(x), 


(5) 

If\\F- 

- F’ilUp(X) 

—>■0 as j ^ GO then 

lll^l- 


\Lp{X) 


0 as j 


00 . 


Proof. Statement (1) is obvious. To prove (2) we need to show that for any rji G X, 
I < i < k such that supp(? 7 i) fl supp( 77 j) = 0 if i ^ j we have 
/ fe \ i/p 

E|J"(i70rh.|l < lim I1 F,|Up(x). 


Vi=l 


J-^00 


Given e > 0 we may choose J such that for all j > J and each i G {1, 2,..., fc} we 
have Fj{r]i) > F{rii) — e/{k\\T]i\\y/P. Hence we get 

/ k \ i/p / \ i/p 


Ei^(^*)rii^*ii < E 


FjiVi) 


ik\M)GP 


\\v^ 


< l|F’jl|xp(x) + £, 


and from this it is easy to see that the statement follows. 

(3) follows from (I) — (2) together with the (finite) triangle inequality since 


i=i 


El^:^- 

i=i 


= lim 

J^OO 


£P(X) 


Eipi 

i=i 


XP(X) 
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- ii^jii-cp(x) — ^ ii^jiu!>(x)- 

i=i j=i 

(4) follows from the fact that ||i^(?7)| — |G(??)|| < l^(^) ~ C!{r])\, because we then 
get 

k k 

Y,\\F{r^.)\- |G(770ir \M < E - GimWUW < l|i^ - G\\%^^y 

i=l i=l 

(5) is an immediate consequence of (4). □ 

Theorem 5.4 (Holder’s inequality). Suppose 1 < p,q < oo and ^ + i = 1. Given 
F, G : X —>• R, then ||FG||£i(x) < ||F||£p(x)||G||£9(x)- 

Proof. Suppose supp(77i) fl supp(77j) = 0 if i ^ j, where each pi G X. Then 

k k 

E \F{v.)G{p,)\ ■ H\\ = E \F{v.)\hr^^\G{v.)\ ■ ||77.|r/’ 


i=l 


1/p 


1/9 




< II^’IUi>(x)I|G||£5(x), 

where we, to get the first inequality, applied Holder’s inequality for the counting 
measure. □ 

Theorem 5.5. Lp{X) is a Banach space. 

Proof. Suppose Fj is a Cauchy sequence in Xi’(X), and assume without loss of 
generality that \\Fj^i — Fj||£p(x) < For any 77 G X we have 

= sup |e \Fjiv^) - Fi{p^)\P\\p^\\ : ryi G X, supp(r7i) n supp(?7j) = 0 if i ^ j| 

> \F,{p) - Fiivmvl 

Hence we see that Fj{p) forms a Cauchy sequence in R for each 77 G X, and hence 
Fj(j]) F{p) pointwise on X for some F. Then 


\F - Fjllxp(x) — 




l=j 


£P{X) 


<Ell^m-J^ilU.(X) <E2“' = 2'■^ 

1=3 1=3 


and hence we see that Fj —?► F in Xi’(X) 


□ 


We will mainly be interested in those F which in a natural sense corresponds to 
functions f on X. To do so we first of all introduce for / G Ll^^{X) the function 
F/ : X R by 
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It is easy to see that / !->■ F/ is a linear operation, and also that if Ff{r]) = Fg{rf) 
for all 77 then f = g g-a.e. Also note that the map 


Gpfiv) = \\v\\Ff{r]) = j fdg 


has a natural extension to M if we define Gpf (0) = 0. In the opposite direction we 
have the following: 


Lemma 5.6. Suppose F : X — 

Gpiri) = 


and define : M —>■ K 

\\v\\Fiv) e X 

0 77 = 0 , 


Then F is of the form Ff for some f G if and only if Gf satisfies 

(5) Gpitri) = tGrij]) for all t G [0,1] and 77 G M, 

C OO \ 00 00 

=E Gpirfi^ gi ^ Af such that 77 ^ G Jvf. 

i=l ) i=l i=l 

Proof. That any F of the form Ff satisfies ([5]) and ([HI) is obvious. 

To prove the opposite direction we note that for any fixed compact set K G X 
the map 

7if(A) = Gf(mU), 

defined for all Borel sets A C AT by assumption satisfies 

7 if (A) = 0 for all A C X such that p{A) = 0, 

00 00 

IK (U^^)-E 7 F-(Ai) for all disjoint families A^ C K. 

i=l i=l 

Hence jk = /icMlif for some fx G L^{K). But if Ki and K 2 are two different 
compact sets, then since jKiiA) = "fK 2 {A) for all Borel sets A C Fi fl ^2 we see 
that fxi = /if 2 on this intersection a.e. From this we may easily conclude that 
there is some / G L\^^{X) such that gk = fp\K for any compact subset K of X. 
But this means in particular that 


Gf{t\k) = [ f dp 
Jk 


for any compact set AT in A. Also note that due to ([ 6 ]) Gf is order-continuous in 
the sense that if rjn increases to 77 then GFiPn) GF{g) as n — 00 . Together with 
([5]) and ([11) this is easily seen to imply that F = Ff. □ 

Theorem 5.7. For any function f G Ajq„,(A) we have that f G LP(X) if and only 
if Ff G AP(X), and in that case ||F/||£p(x) = ||/||lp(x)- 


Proof. We need to prove that 

k 


i/p 


\\f\\LP{x) = sup < ^ |A/(77i)ri|?7*|| : 77 , G X, supp( 77 ,) n supp( 77 j) = 0 if i ^ j 


From Jensen’s inequality we get 

/ k \ / k 

Ei^’/(^onh.ii = E 








fdg^ 


i/p 
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1/p 


Hence |1 F/||£p(x) < ||/||lp(a)- 

Suppose now that ||/ — fn\\LP{x) < £■ Then we get 

I|t>IUp(x) = -t>„-/|Up(x) > I|t>„IUp(x) - ll-F'/n-zIUpcx) 

> I|T'/„|Up(X) - ll/n - /||lp(A)- 


In case we have ||T/„|Up(x) = ll/n||Lp(x)j then it would follow from the above that 


||T/IUp(X) > ||/n||LP(A:) - £ > ||/||lp(A) “ 2£. 


It is therefore enough to prove the statement for a dense subset of LP{X). It is 
however easy to verify the statement in case / is continuous with compact support, 


and hence we get the result. 


□ 


We may now introduce 

L^{X) = {F& LP{1) : F satisfies (0 and ®} = {F/ : / G LP{X)}. 

Since F„ = Ff^ is Cauchy in Lp{X) if and only if /„ is Cauchy in LP{X) it is clear 
that LP{‘X) forms a closed subspace of £^’(X), and in particular forms a Banach 
space itself with the same norm. 

Theorem 5.8. If f G Ll^^{X) then Ff is continuous along curves in 1R(X). 

Proof. This is a direct consequence of the fact that for any r] G 1R(X) the set 
Utg[o,b ]SOLpp{r](t)) is compact and the densities (/){s,-), where r]{s) = cj){s,-)p,, con¬ 
verges weak* to •) in L°°{X) as s —0. □ 

Theorem 5.9. Suppose F G XP(X) is non-negative. Then ||F||£p(x) = ||F||xp(x). 

Proof. Obviously ||F|lxp(x) < ||F||xp(x)- To prove the opposite inequality it is 
enough to show that 



for all ? 7 i G X such that supp(77i) 0 su.pp(r]j) = % ii i ^ j. Since the rji have disjoint 


compact supports there is e > 0 which is smaller than the distance between all 
these as elements in M. For any such e we may hence choose curves rji{s) such that 
r]i{0) = rji and F{r]i) < F{rii{si)) + s/{k\\r]i\\y^P for some Si G [0,e/3] for instance. 

By construction, and an application of Theorem 14.161 we see that the measures 
Vi = Vii^i) have disjoint supports and we get 


Since e > 0 is arbitrary we get the result. 



□ 
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5.1. The space It will be convenient to also have local spaces, and they 

are defined in essentially the obvious way. Suppose K C X is compact, and let 

= {ry G X : supp(r7) C if} C X. 

We may then regard {K,dx, as our space, and we define Lp{X) as above for 
each such K. We then say that F : X —>■ R belongs to XfQj,(X) if the restriction to 
X belongs to L^iX) for each compact subset K oi X, and similarly for the spaces 

LLm- 

Note that the natural analogue of Theorem 15.71 still holds in this situation in the 
following sense: 

Theorem 5.10. For any function f G Ll^^(X) we have that f G L^^^{X) if and 
only if Ff G L}^^(X), and in that case ||F/||£p(3<;) = ||/||lp(_r') for each compact 
subset K of X. 


6 . Upper gradients 


Let F : X —>■ R and 77 G M. We introduce the lR(X)-upper gradients as follows. 
If £ > 0 then we put 


’'’piv) '■= sup 


|F(p(s))-F(77)| 


p G 1R(X) such that p(0) = rj and 0 < s < e A bi. 


and then we define 

rpir]) = rpir]) = limP^ (i?)- 
£—>•0 

Since rf, decreases as e decreases this is well defined. Also note that p(s) = 77 for 
all s is an element of 1R(X), so the definition always makes sense, even if there are 
no non-constant rectifiable curves starting at 77. In this case it is furthermore clear 
that we would have rp{r]) = 0. 

Note in particular that for any p G 1R(X) and 0 < |s — t| < £ we have 


F(p(s))-F(p(t)) 
s — t 


< rU’^it)), 


hence 


lim sup 


F(p(s)) - F(p(t)) 


s — t 


< rpiyit)), 


and since this holds for any £ > 0 it also holds for £ = 0. 
It is also clear that 


lim r%{ri) =r^p{ri). 


Remark 6.1. Suppose for a given 77 G X that rp^rj) < 00 . Then by definition there 
is some £ > 0 such that rp{-q) < 00. In case p G 1R(M) is such that p ( 0 ) = 77, then it 
follows more or less immediately from the definition, since |F(p(s))—F(77)| < rp{ri)s 
for all s < £ A b^, that lim^^o ^"(p('S)) = F{ri). 


Remark 6.2. It is easy to see that the definition would not change if we replaced 
lk(X) by 1R(X) since if we reparametrize a curve in 1R(X) so it becomes parametrized 
by arc-length, then the corresponding map r : —>■ [0,6i/] satisfies r{t) > t hy 

definition. ^ 

The only reason we choose to work with 1R(X) instead is that it behaves better 
when we decompose curves such as in Proposition 14.181 
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Lemma 6.3. If F : X 

p( 0 ) = 77 and 


and rj G OC, then there is a curve v in 3l(X) such that 
FMs))-F(p(0)) 


n —1 


rpir]) = limsup 

s—>0 

Proof. This proof is more or less analogous to that of Lemma 13.41 but we give the 
details for completeness. If rp(r]) = 0 then the result is trivial. Assume now that 
0 < rpirf) < 00 . Then we may by definition inductively choose sequences 6n,£n, 
decreasing to zero and curves G 1R(X) such that 

(1) 0 <Sn< £n, 

(2) p„(0) = 77, 

(3) 4-(77)< 

(4) En+l < 2-^Sn. 

Also put 

kn = Sn + 2'^Sj, b = 2y^6j. 

7=1 7=1 

We define 7 : [0, 6 ] —>• X such that 

{ ^n{f kji T t G [kn Sji^ kjfj 

Pn(^n 4“ ^)j ^ G \kn^ kn 4“ 

77, t = b. 

Finally put p(t) = 7(6 — t). It is easy to verify that v G 1R(X) (7 simply consists 
of rectifiable curves subparametrized by arclength going back to forth from 77 and 
then patched together). If we put 

00 

Tn — Sn H” 2 ^ ^ Sj , 

j=n+l 


then 


n —1 


= 7(^ - ’’n) = 7 ( 4- 2 ^ I = 7(fc„) = P„((5„). 

7 = 1 


Also note that 

Hence we get 

F(p(s))-F(p(0)) 


lim — = 1 . 

n—)-00 r-n 


lim sup 
s^O 


> limsup 

n—foo 

= limsup I 

n—¥oo \ 


F^rn)) - F{v{0)) 


= limsup 

n^oo 


Fivirn)) - F{v{0)) 


1 

3 

:o)) 

\ 

Sn 

nSnJ 


' lim sup — 

n —>-0 ^ 


> lim sup 4 " ( 77 ) — = rp{ri). 


The case rpirf) = 00 is treated similarly but replacing (3) above by 

F{Pn{5n)) - F{v{t))) 


> n. 


□ 
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Theorem 6.4. If v (z 3?(X), s G [0, bif\ and : X —?► R then 

\F{iy{s)) - F{i^{Q))\ < f rF{i'{t))dt. 

Jo 

Furthermore, if t] G X and ^ : X —>■ [0, oo) satisfies 


limsupg(j^(s)) < g{r]), 

s —)-0 

\F{f{s)) - F{f{Q))\ < f g{v{t))dt 
Jo 

for every curve v G 3l(X) with :/(0) = g, then 


rpiv) < g{g)- 


Proof. The first part is more or less a direct consequence of Lemma [321 if define 
/(s) = F{h'{s)) and put a = b^. By assumption we have 


lim sup 

S—^t 


/(s) - fit) 


s — t 


= lim sup 

s — 


F(i/(s)) - F{v{t)) 


s — t 


< rpivit)), 


and since rp(v{t)) < rp{v{t)) the first part is proved. 

For the second part we apply Lemma [6.31 to get that there is a curve v G 1R(X) 
such that z/(0) = g and 


’I’pig) < lim sup 

s —)-0 


F{p{s)) - F{p{0)) 
s 


But since 


we also have 


\F{p{s))-F{p{0))\< f giv{t))dt 

Jo 


lim sup 

s —>-0 


F{p{s)) - Fiu{0)) 


< lim sup — 

s-J-O S 


g{u{t))dt < giv{Q)) = gig). 


Hence 

rpig) < gig), 

and, by an application of Lemma 13.41 the proof is done. 


□ 


Remark 6.5. Note that, according to the proof above, in case g : X —>■ [0, oo) is 
upper semicontinuous along curves, and 


lim sup 


s^O 


Fjgjs)) - F{g{Q)) 
s 


< ffi^iO)) 


holds for every g G 1R(X), then rp < g. 


Theorem 6.6. Suppose F", G : X —>■ R.. 

(1) If e >0 then r‘^p = \a\rp for all a G R, 

(2) lfe>0 then < rf, + r^, 

(3) //e > 0 then r^p^ < \F\r^ + |G|r|, + r|,r^£, 

(4) rpG < \F\rG + \G\rp, 

(5) If g G J- and rp{g) < oo then r|F|(’7) = fpig)- 
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Proof. Let 77 € Jl(OC). 

(1) If a = 0 this is self-evident. Otherwise it follows for e > 0 since 

|ai^(77(s)) — ai^(77(0))| < |a|A:s |a||F(77(s)) — ^(77(0))! < |a|A:s 
|F(77 (s)) — F( 77(0))| < ks. 

(2) follows for e > 0 since if |i^(77(s)) —^( 77 ( 0 ))! < k^s and |G(77(s)) — 0 ( 77 ( 0 ))! < k 2 S 
then 


|F(77(s)) + G(77(s)) - F(y(0)) - 0 ( 77 ( 0 ))! 

< !F(77(s)) - i^(?7(0))! -f !G(77 (s)) - 0 ( 77 ( 0 ))! < (ki + k2)s. 


That (1) and (2) also holds for the value e = 0 follows directly by just taking limits. 

(3) Suppose s < e A Then 

!n^(0))G(77(0))-T^(77(s))G(77(s))! 

= !F( 77 ( 0 ))(G( 77 ( 0 )) - 0 ( 77 ( 5 ))) + ( 0 ( 77 ( 5 )) - G( 77 ( 0 )))(F( 77 ( 0 )) - ^( 77 ( 5 ))) 

+ G(77(0))(T^(77(0))-n^(5)))! 

< !F(77(0))!!G(77(0)) - 0 ( 77 ( 5 ))! + !G(77(0))!!n77(0)) - F(77 (s))! 

+ !G(77(5))-G(77(0))!!F(77(5))-F(77(0))! 

< (l^(v(0))lrG(y(0)) + IG(T/(0))lr^(y(0)) + r^(T/(0))r^(T/(0))s) 5. 


(4) follows from (3) by taking the limit £ —>■ 0. 


To prove (5) we apply Lemma 16.31 to first get that there is a curve p G 1R(X) such 
that p(0) = ?7 and 


rpir]) = limsup 

s —>-0 


F(p(5)) -F{r]) 
5 


Since the assumption that rp{r]) < 00 implies that F(i'{s)) is continuous at s = 0, 
for 5 close to 0 we always have !!f (77(5))! — !T"(77)!! = \F{i'{s)) — ^"( 77 )!. Therefore 
we see that 


rpir]) = limsup 

s —>-0 


F{p{s)) - F{r]) 
s 


lim sup 

s —»-0 


!f(p(5))!-!f(77)! 

S 


< i"\p\{v)- 


Reversing the roles of F and !F! above gives the opposite inequality. 


□ 


The corresponding result holds more or less immediately by definition also for 
the use regularized gradients: 

Theorem 6.7. Suppose T", O : X —>■ R. 


(1) 

Ife 

> 

0 then 

rip = \a\r^f 

. for all a G R, 

(2) 

Ife 

> 

0 then 

rppe ^ fp 


(3) 

Ife 

> 

0 then 

r%-G < 1^1^ 

^ -f !G!r|. -h r|.r^£. 

(4) 

rpG 

< 


+ \G\rp, 


(5) 

ifv 

G 

X and 

rp{ri) < 00 

then f\pi{r]) = rpiv) 


An important property of these upper gradients, which in particular will be used 
to prove completeness of our Sobolev-type spaces below, is as follows: 

Theorem 6.8. If F = and e > 0 then rf, < ■ 

Furthermore fp < g, where g = • 











30 


T. SJODIN 


Proof. For £ > 0, 77 G 3?(X) and s < £ A we have 


\F{rj{s))-F{vm\ = 


Fn{v{s)) - Fr,{Tj{0)) 


< Y \^ri{v{s)) - Fn{v{0))\ < ( Y^pAviO)) ) S. 


As for the second part we note that 


00 00 ps 

\F(t]{s)) - F{7]{0))\ < Y \Fn{v{s)) - Fn{v{0))\ ^Fr. iv{t)) dt 

n=l n=l"'0 

ps / QQ \ ps ps 

= I Y j (jl{t)) dt = givit)) dt < Kv(t)) dt. 


□ 


Theorem 6.9. Suppose A : X —>■ K, v £%, rp{y) < 00 and that f is continuously 
differentiable in some neighborhood of F{v). Then 

rfoF(v) = f'{F{F))rF{F) and ffaF^) = f'{F[F))rFiy). 

Proof. We know that \f{x) - f{y)\ < suptg[o,i] \f'{tx + (1 - t)y)\ ■ \x - y\ for any 
points x, y G R. Hence for any curve 77 such that 77 ( 0 ) = v we have 

\f{F{v{s))-f{F{y{0))\ < sup |/'(tF(77(s)) + (1 - t)F(77(0)))| • |F(77(s))-F(77(0))|. 

te[o,i] 

But as s —>• 0 this implies that rjoFiviO)) ^ \f'iF{r]{0))\rp{ri{0)). 

If f'{F{r]{0)) = 0 this must be an equality. Otherwise / is invertible in some 
neighborhood of F{ri{0)), and if we apply the formula to f~^ o f o F we get 

rf~-iofoF(g(0)) < (f~^y(f(F(g(0)))rf^p(g(0)), 

and since {f~^y{f{F{ri{0))) = {f'iF{ri{0)))~^ the opposite inequality also follows. 

The statement about the upper semicontinuous regularizations follows immedi¬ 
ately by definition. □ 


Lemma 6.10. // F, G : X — >■ R then 

(1) ^FVG <rF'^ ra <rF + ro, 

(2) rpAG < V re < + re, ■ 


Remark 6.11. Note that the second formula above has A in the left hand side, 
but V on the right hand side. It is certainly not possible to replace V with A here 
(for instance, if F < G and G is constant, then tfaG = f^F, but rp A re = 0). 


Proof. Let 77 G 3?(X). In case either of rp{{ri{0)) or rG{ri{Q)) is infinite the inequal¬ 
ities holds trivially, so we may assume that both of these are finite. According to 
Remark |6.II we know that this implies that F{r]{s)) and G{ri{s)) as functions of s 
are continuous at 0. Suppose F( 77 ( 0 )) > G( 77 ( 0 )), then F{r]{s)) > G{g{s)) for s 
close to 0 as-well, and hence 


lim sup 


F(77(s)) V G(77(s)) - F(77(0)) V G(77(0)) 

S 


< fp{r]{0)) < rp{T]{0)) V feivA))- 


lim sup 


F{r]{s)) - F( 77 ( 0 )) 
s 
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A similar estimate holds also in case G{r]{0)) > F{r]{0)). 

If on the other hand F{r]{0)) = G'(?7(0)) then it is easy to see that 

Firj{s))VG{r,{s))-FirjiO))^GirjiO)) 


lim sup 

s —)-0 


< lim sup 

F(77(s)) - F(77(0)) 

V lim sup 

G(77(s)) - G(r7(0)) 

s^O 

s 

s^O 

s 

VI 

V ^ 0 ( 77 ( 0 )). 




The case of F A G is treated similarly. 


□ 


6.1. Upper gradients of functions on X. A problem with the upper gradients 
rp is that they are not functions on X a-priori even if F is of the form Ff for some 
/ G L[qj,(A). Our first objective is to prove that there is a natural function on X 
which represents this gradient in case F = Ff for some / 

Before we prove this, we start by proving the monotonicity of rp^ and rpj. 

Lemma 6.12. Given f G Ll-^^(X) and elements rji,r] in X such that rji < rj then 

(1) im) < rp^ iv) for all e G [0, oo), 

( 2 ) rpfim) < rpfiv) 

Proof. Suppose p G 1R(X) with p(0) = if, and let t G (0,1], then tp G Jl(X) and we 
have 

- Ff(t(p(0))l = |Ff(p(s)) - F/(p(0))|. 

Hence it follows that rp^{tri) = rp^{ri) for all t G (0,1], and e > 0. Passing to the 
limit gives also rpj[rf) = rpj{trj). It also follows immediately by definition that we 
have rp^ {tif) = rp^ (rj). 

Suppose now that G 1R(X) with pi(0) = rji, and let 172 = ?7 — lyi- It is straight¬ 
forward to see that the curve f{s) = i(z/i(s) -I- 772 ) belongs to 1R(X), p(0) = 77/2 
and that it satisfies dM.(iy(s), 7/(0)) < s for each s (note that we can not expect any 
improvement on this, since the distance dj^ typically is controlled by the relation 
between the supports of the measures rather than the total masses). Hence we get 
if e: > 0 and s < e A 

\FfiMs)) - Ff{M0))\ = |(F/(pi(s)/2) - F^(7 /i(0)/2) + (^^( 772/2) - Fj(772/2))| 

= \FfiiMs) + V2)/2) - Ff +t] 2)/2)\ < r^p^(ri/2) =r^p^{rj). 

This proves the statement for e > 0. The rest of the statements follows directly by 
taking the limit as e —>■ 0 and the definition of the upper semicontinuous regular¬ 
ization. □ 


Theorem 6.13. Suppose f G Ll^^{X). Then there is a unique element gf G 
L(oc(^) such that 

^Fj = Fgj 

if and only if rp^ G 

In particular, if rp^ G ^(^^.(X), then rp^ is continuous along curves, and hence 

rpj = rpj. 

Remark 6.14. A consequence of this is that rp^ = rpj G ^^(X) if and only if 
gf G LP{X), and the norms are the same. 
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Also note that gf then satisfies for every 77 G 1R(X) and s G [0, 6 ^] 


fdg{s) - j fdr]{0) 


< 


9f dgit) dt 


Proof. That rp^ G is a necessary condition is self-evident considering The¬ 

orem [ATO] If this is satisfied however, then the map rp^ is finite valued and we 
need to prove that the function Grp^ satisfies ([5]) and ([ 6 ]). 

To prove that it satsifies dSD we simply note that Grp {trf) = \\trj\\rp,{trii) = 
= tGrp ( 77 ), where we used the result rp^itg) = rp^{r]) for 0 < t < 1 as 
we saw in the previous proof. For t = 0 there is nothing to prove. 

To prove (l 6 |) we do it in two steps. Since for each i we have, by Lemma 16.121 
that rp^ {rji) < rp^ 1 Vi) we get 


’^Grp^iVz) = '^\\v^\\rFf{v^) 

i=l 

00 /oo \ CO / CO \ / 00 

< Wv^w^Ff (X! = IIXI ^*11'’^/ (X (X 

i=l Vi=l / i=l \i=l / Vi=l 

To prove the opposite inequality we appeal to Proposition l4.18l Using the notation 
from that proposition we get for any e > 0 and s < e Abrj 



lh('S)||P>(77(s)) - ||?7(0)||F>(77(0))| 


2=1 


00 00 

< X ll^i('^)ll ■ \PfiVi{s)) - F/( 77 ,( 0 ))| < lhz( 0 )||r|,^( 77 *( 0 )) 

i=l i=l 


(Note that for some e > 0 the value rp^{g{0)) is finite, since otherwise rp^{r]{0)) 
would also be infinite, and hence have infinite £P(X)-norm.) Therefore we have for 
all e > 0 small enough that 

00 

h(0)lk|.^(^(0))<^||77.(0)||r|,^(77,(0)). 

i=l 

If we simply let e —>■ 0 on both sides we see that this also holds for e = 0, and this 
is exactly the statement 

00 

Grp^iviO)) <Y^rp^M0))- 

i=l 

□ 


Proposition 6.15. Suppose f G and g G is non-negative. If g 

satisfies 


(7) 


fdg{s) - J fdg{0) 


< 


gdg{t) dt 


for every 77 G 1R(X) and s G [0, brj], then rp^ G ^(^^.(X) and gf < g pL-a.e. 
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Remark 6.16. Hence gj is g-a.e. the smallest such function g that satisfies the 
above estimate. Also note that if dT]) holds for all rj € 1R(X), then it also holds for all 
77 G !k(M) since the only curve in 1R(M) that does not belong to 1R(X) is identically 
zero for which the statement trivially is true. 


Proof. This is more or less immediate from the definitions, since this implies that 


Proposition 6.17. Suppose f is Lipschitz continuous on X with Lipschitz constant 
C, then gf < C p-a.e. 

Proof. If 77 G 1R(X), and we decompose ri{t) = ^*(0 ™ such a way that the 

diameter of supp(Pi(s)) U supp(r'i(0)) is at most (1 + e)s say where e > 0, then 


fdr]{s)- J fdr]{0) = ^(J f di^iis) - J f diz,{0) 

i—1 ^ 


< 


c(i+ £)s 


= 1^11^(0)11(1+ £)s. 


Since e > 0 is arbitrary the statement follows from Proposition 16.151 


□ 


Proposition 6.18. Suppose f,hG and a G R. Then the following holds 

( 1 ) gf+h < gf+gh, 

( 2 ) gaf = \a\gf, 

Proof. This follows more or less immediately from the definitions and Theorem l6.61 
since the map / 1 —>■ F/ is linear. □ 


Lemma 6.19. Suppose k G Ll^^{X) has an upper gradient g^ G LlocW and 
/ : R —>■ M has a bounded and Lipschitz continuous derivative. Then 

gfok{x) < \f'{k{x))\gk{x). 


Proof. Assume that C > 0 is such that |/'(a;)| < C and \f'{x) — f'{y)\ < C\x — y\ 
for all x, y G R. It is enough to prove that for any given 77 G 1R(X) with > 0 we 
have 

( 8 ) lim sup 

s-s-O 

To do so let K = Usg[o^6^]Supp(77(s)) which is a compact subset of X and let e > 0 
be fixed. Also fix a continuous function such that 


f{k{-))dr]{s) - / f{k{-))dT]{0) 


< / \nk{-))\gkdr,{0). 


/ \gk - gK\dy. < £. 


JK 

By absolute continuity we may furthermore choose (5 > 0 such that for any A C K 
with p{A) < 6 we have gkdpL < e/2. It is then easy to see that with 


S' = 


Se 

2 Jj^gkdg 


we have 


gkHd < e 
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for any cj) with compact support in K and values in [0,1] such that 

J (pd^ < 6'. 

I.e. we have that 

J gkdr] < e 

for any element rj G X with support in K and ||? 7 || < S'. By Lusin’s theorem we 
may choose K' C K compact such that k\K' is continuous and g{K \ K') < 5'/2. 
Let tp he a common modulus of continuity for gi- and k\K>- For s G (0, 6^] fixed we 
may then cover K by balls Bi, B 2 , ■ ■ ■, Bm of radius at most s. If we introduce the 
sets 

Ai^j = {x G X : {i — l)s^ < k{x) < fl Bj fl iL' for i € Z, j = 1,2,..., m, 

Ai^m+i = {x G X : {i — l)s^ < k[x) < is^} \ K', 
and the measures 


= g\Aij, i G 1,j e {l,2,...,m + l}, 


then clearly 

g = 

If we apply Corollary 14.201 to g, to = 0, ti = s and M = Z x {1,2,..., m + 1} 
with as above we get that there are curves vj G 1R(X) such that 

• for each j G N there is {io,jo),{is,js) G M such that ^'j(O) < and 

• Vit) = for every t G [0, b^]. 

So on carriers for the measures and i^jis) we have that the oscillation of 
k is no more than s^, and hence differs from its mean value with respect to these 
measures by at most s^. (Also note that we do not make any claims of this nature 
for the values between 0 and s, but only for these end-points). 

Let I = {j : Vj ^ 0}, = {j G I jo = m + 1} VJ {j G I : js = m + 1} and 
I 2 = I \ h- Note that ll^ill — 2^(Ar \ K') < 6'. Now we get for suitable 

Tj^s{x) between k{x) and Fk{vj{s)) and Oj^s between Fk{vj{s)) and Fk{uj{0)) 




1 

S 

1 

s 



f{k{-))dvj{s)- J f{k[-))duj{Q) 


ifiFkivjis))) + /'(tj- s(-))(A:(-) - Fk{uj{s)))) dvj{s) 


- I if{Fk{i^^iO))) + f\T,,o{-m{-)-Fk{Mm) dv, 




Y.!\e,,,){Fu{v,[s))-Fu{v,{mhM\\ 

jei 
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+E- 

^ s 


(k-Fk{vj{s)))duj{s) 


E- 

s 


{k-Fk{vj{Q)))dvj{Q) 


< - V |/'(^'i.s)| f [gkdvj{t)dt + 2Cn{K)s 

^ jei "'o 

< - E f f gkdvj{t)dtF - V \,f'{0j^s)\ f f gkdvj{t)dt+ 2Cg{K)s 

%e/i -/o J Jo J 

<-C [ i[gkdi'^vj{t)\)dt+-'^\f'{0j^s)\[ [gkdiyj{t)dt + C{2g{K)s + 

® -^0 J j s Jo j 

< Ce + ^ |/'(0j,s)| ^ / J gkdi^j{t)dt-J gkdi^j{s) / |/'(fc(-))|gfe (s) 

+ E / l/'(0,.s)-/'(fc(-))l5fcrf^, W + O2/iWs + ^) 

je/2 

< Ce + 2C^(4s)^(7^) + J \f'{k{-))\gkdg{s) + Ce 

+ E “ ^(Oldfc + C{2fi{K)s + e) 

< J \f'{k{-))\gkdg{s)+2C'4){4s)g{K) + ACipiAs) J gk dfi + C{2g.{K)s + 3e). 

Above we used the fact that for j € I 2 the diameter of Uo<t<sSupp(77j(t)) is at most 
4s, and hence gk differs from its mean value by at most ijj{As), and similarly we get 


\()j,s - k\< 4V'(4s), 

since both measures ^'j(O) and Vj{s) are supported by K'. If we let s go to zero the 
last expression in the estimate above goes to 


J \f'{k{-))\gkdg{0) + 3C£. 

And since £ > 0 is arbitrary this implies that (jS]) holds as was to be proved. □ 

Theorem 6.20. If k G Ll^^{X) has an upper gradient gk G and c G K, 

then 


and 


gkAc — gkX{k<c} 


gkVc — gkX{k>c} ■ 

Proof. To prove the inequalities 

(9) gkAc ^ gkX{k<c} and gkVc — gkX{k>c}' 

it is easy to see that we may without loss assume c = 0 and that we look at the 
case = fc V 0. For each £ > 0 we may introduce the functions 

J, / f + £2 — £ X > 0 

= x<0. 
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Applying the previous lemma we get 

fe{k{-))d'n{s)- j fe{k{-))dr]{Q) 
Since the left hand side converges to 


II feiH-))9kdr]{t)dt. 

j d'q{s) — J dr]{0) , 


and the right hand side to 

X{k>o}9k dr]{t)dt 

we get the desired estimate. 

However we also have 



9k — 9k/\c+k\/c—c ^ 9k/\c + 9k\/c + 9c-: 
but 5 c = 0 trivially, and therefore we get from the inequalities ([21) 

9k ^ 9kX{k<c} “b 9kyc: 
or which amounts to the same thing 


Similarly we get 


9k\/c ^ 5fcX{fc>c} — 9kX{k>c}- 


9kAc ^ 9kX{k<c} ■ 


□ 


Proposition 6.21. Suppose f^hG are such that gf,gh & Lloci^) then 

gfh < \f\gh + \h\gf. 

Proof. We first of all reduce the problem to the case when / and h are bounded. 
To do so suppose the statement is true for bounded functions. Then we have (using 
Theorem 16.201) for ci < C 2 G M 

j ((/ V Cl) A C 2 ){{h V Cl) A C 2 ) dg{s) - J ((/V Ci) A C 2 )((h V Ci) A C 2 ) dg{0) 

(l(/ V Cl) A C2|5(hvci)Ac2) + l(^ V Cl) A C2\g(f\/ci)Ac2) dg{t)^ dt 

~L dt. 

Since we may then take the limit as first C 2 goes to infinity and then ci goes to 
minus infinity and use monotone convergence we hence get the statement we need 
for general f,h. So from now on we assume that there is a constant C such that 
I/I < C, |/i| < C everywhere. 

Let T] G 1R(X) with > 0 and assume that all the supports of the measures g{s) 
are contained in the compact set K. Cover K by finitely many balls Bi, B 2 ,.. ■, Bm 
with radii at most s^. Now we partition X (up to a set of measure zero) as follows. 
Let 

M = {i,j, r : i,j G Z and r G {1, 2,..., m}}. 

For s fixed and i, j, r G M we let 

Aij^r = {x G X : {i — l)s^ < f{x) < is^, {j — l)s^ < h{x) < js^} D Br 
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and define 

Let s G (0,6,,]. If we apply Corollary 14.201 to this decomposition of ^ we see 
that there are curves G 1R(X) such that 77 = smd for each k there are 

io,jo,'r'o,isJs,rs such that Pfc(O) < ^x^o,jo,To and Pfc(s) < So on carriers 

for the measures i^iiO) and i'i{s) respectively the oscillation of both / and h are 
at most s^. Furthermore the supports of all of the measures I'iiQ) and Pi(s) has 
diameter at most 2s^ . Let I = {i : i^i ^ 0}. Now we get (using that ||Pi|| and || 77 || 
are constant) 


< 


fhdri{s)-j fhdr/id) = '^(^j fhdi'iis) - j fhdiydii) 

Ulif- 




\Vi{s) 


iGl 

f dvi{s) ) hdvi{s) 


E 

E 

i^I 

E 

i&I ■ 


l^.(0)ll 


h — 


fdi'iis)- J /dp,(0)^ J hdvi{0) 
h dvi{s) - J h dviiQ^ J f dviis) 

— [ h di^iiO)) f di^iiO) 


< f s'^\h\diyi{s) [ rFf{vi{t))dt ( \h\dvi{Q) 
iel i&I 

+ E / rFdvt{t))dt f |/|di/,(s) + ^ [ s2|/|dz/,(0) 

ie/ ie/ 

= J s2|/i|d?7(s)(iFMI / * / 1^1 

+ E_^ (iFMI / J \f\dly^{s) + J S^\f\dr]{0). 

Let e > 0 and choose non-negative continuous functions 5 / and gu with common 
modulus of continuity ip on K such that 


/ \9f -9f\dd'<s, / \9h-gh\ 

JK J K 


- 9h\dg < e. 


Then we get 

lim sup - 

s—S.0+ 'S 


fhdg{s) - / fhdg{0) 


<limsupi s^|/i|d? 7 (s) ( ||p(0)|| / dt J\h\dFi{0) 


+ E 

iei' 


0 Vll^* 


9 hdv^{t)^ dt j \f\dvi{s)+ y s^|/|d?7(0) j 
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< lim sup — 
+ lim sup - 


15/ - 5/Mj^i(0 dt 


1 


\h\ dz/i(0) 


^0+ 


gfdvi{t) ) dt I \h\di>i{0)+ 
1 


J ghdvi{t'^ dt J \f\di^^{s). 


lim sup - [ 

-^0+ sj^jJo 


From our assumptions we get that 


limsup -J2 [ ( f 9 f\dIy^{t)) dt ^ f \h\ dv^{Q) < Ce 

s->0+ ® Jo \J / 11^*1^111 J 

and 

limsup iy] [ ( [ \gh - gh\di'iit)] dt | f |/|d^i(s) < Ce. 

Also, since Utg[o,s]Supp(z/i(/)) has diameter at most 2(s + s^), we get 
1 




J 9 hdl^^{t)^ dt J |/|di/*(s) 




ghdvi{t) - gh 


\M0)\\ 

< C||r 7 (s)||V^( 2 (s + s^))+Ce + J gh\f\dr]{s). 

Hence 

lim sup / 


|/|d^i(s) + y^ / h\f\dMs) 


i^I ' 


Similarly we get 

lim sup > / 

i^ido 


Summing up we get 
1 


ghdvi{t'^ dt j\f\dvi{s)< j gh\f\dg(()) + C£. 

gfdvi{t)^ dt J \h\di'i{s)< J gf\h\dg{0) + Ce. 


fhdg{s) - J fhdg{0) < J {gh\f\ + gf\h\) dri{0) + ACe. 

And since e > 0 is arbitrary we get the statement. 


lim sup 

s—>0+ ^ 


7. The space §1’P(X) 

We now define 

§i’P(X) = {Ce£P(X) : ||F||si.p(x) <oo}. 
It is easily verified that || • ||si.p(X) is a norm on §^’P(X). 
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Remark 7.1. In case F G then by assumption rp G £p(X), and hence fp G 

£^(X) with the same norm. In particular rp(rf) is finite for every rj G M. Moreover if 
ry e Jr(X) then, since ||r 7 (s)|| is constant, sup^gjo rp{-q{s)) < ||rE||£p(x)/||?7(0)|| = 
/c < oo, so \F{r]{s)) — F{r]{t))\ < k\s — t\ for all s,t G [0,6^], and hence F{ri{s)) is 
Lipschitz continuous in s. 

Theorem 7.2. §^’^’(X) is a Banach space. Furthermore, if Fn ^ F in §^’^(X), 
then rp^ —>■ rp in LP(X). 

Proof. Suppose Fj G is a Cauchy sequence. By passing to a subsequence 

we may assume that \\Fj+i - Fj\\x:p{x) + |k(Fj+i-Fj) |Up(X) < 2“b By definition 

\\Fj - ^i||xp(x) < \\Fj - fi||si.p(x) 

and, since Itf^ ~ ^Fi| < i^{Fj-Fi) according to Theorem 16.61 

\\rFj - 'rFjlLP(X) < ll^(Fj-Fi)ll£P(X) < \]Fj - ^illsi.p(X)- 

In particular F, is a Cauchy sequence in LP(X), and hence converges in this space 
to some F G Lp{X). 

For any fc G N we have 

OO 

j=k 

SO according to Theorem 16.81 we know that 


r(F-F,) < g where g = Y^ r(F,^i-F,)- 

j=k 


But then 


lkF-»’Ffc|Up(X) < lk(F-Ffc)|Up(X) < llfflUp(X) — I|5 |Up(X) < ^ ll^(Fj+i-Fj)IUp(X) < 2 

j=k 

If we add all this together we see that indeed Fk converges to F and tf^ converges 
to rp in S^'P{X) as fc —>■ oo. □ 

Theorem 7.3. If F,G G §^’P{X) t/ien F V G, F A G G §1’P(X). 

Proof. Since |FVG| < |F|V|G| < |F| + |G| and |FAG| < |F| A |G| < |F| + |G| we 
see that F V G, F A G G Lp{X). By Lemma [6.101 we get that fpyc, pfaG € Xp(X), 
and hence the theorem follows. □ 


i-fc 


We let 

and 


8. The spaces S^’P(X) and S^’P(X) 
S^'P(X) = {Fg LP(X) : llFllsi.P(x) < oo}. 


S'i’P(X) = {/ G LP(X) : Ff G S^-p{X)}. 

In the latter case we as usual identify elements which are equal a.e., and we also 
define the norm on this space 

II/IIsLp(A) = ||-F/||si.P(X)- 
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Remark 8.1. There is an obvious 1 — 1 correspondence, according to our previous 
results, between these two spaces. F belongs to if and only if there is 

/ € such that F = Ff, and then 

Wfiy^Hx) = ll^’/IUu.(x) = {WfWUx) + hfWUx)^"- 

Theorem 8.2. S'^’^(X) and S^'P{X) are Banach spaces. Furthermore if fn ^ f 
in S^'P{X) then gf^ —> gg in LP(X). 

Proof. It is enough, according to Theorem 17.21 to note that in case Fj G L^(3C) fl 
§^’^’(X) and Fj ^ F in §^’^'(X) then it is clear that also F G LP(X) and hence the 
theorem follows. □ 

Theorem 8.3. Suppose f G then f~^,f~ and \ f\ also belongs to S^’P{X). 

Proof. This is an immediate consequence of Theorem 16.201 □ 


9. S'^’P(X) FOR OPEN SUBSETS X OF R" 


Let X C M" be open, dx denote the Euclidean metric and let g be Lebesgue 
measure on X. 

If / : X —>■ R then we denote the distributional gradient of / by V/. In case both 
/ and |V/| belongs to LP{X) then we say that / belongs to the classical Sobolev 
space F[^’P{X). We give F[^’P{X) the norm 

ll/ll44UP(x) = (||/|li.(^) + |||V/|||i,(^))VP^ 

Our aim is to show that in this context the spaces S^’P{X) and F[^’P{X) coincide. 
Lemma 9.1. If f G C'^{X) then gj = |V/|. 


Proof. We start with the inequality |V/| < g/. To prove this it is necessary and 
sufficient to prove that for any unit vector e we have that the directional derivative 
def satisfies \def\ < gj pointwise a.e. 

Now suppose B{x,r) CC X. Then we get 


f B{x,r) 


\def{y)\dg{y) 


lim / 

*->■ 0 + JB{x,r) 


f{y + se)-f{y) 
s 


dg{y). 


In case def{x) = 0 then there is nothing to prove. On the other hand, in case it 
is non-zero we may choose £,<5 > 0 so small that /(• -I- se) — /(•) does not change 
sign in B(x., S) for s G [0, e] say. Then we get for any r < S 


lim 

s^0+ 


f 

fiy + se)-f{y) 

/ B{x,r) 

S 


dfi{y) 


= lim 

s—>0+ 


' B{x^r) 


f{y + se) - f{y) 
s 


dg{y) 


= lim — 

s^o+ s 



f B{x,r) 


9f dg. 


Hence for every x G X there is 5 > 0 such that for every r < S 


[ \def{x)\dg{x) < [ 


9f dg, 


B{x,r) 


B{x,r) 
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SO the stated inequality holds. 

To prove the opposite inequality suppose ry € 1R(X). Let s > 0. We may cover 
X by a countable disjoint family of Borel sets Aj, j = 1,2,... such that each has 
diameter at most and such that the oscillation of / over such a set is at most 

(similarly to the construction made in the proof of Proposition 16.211) . If we 
define r]j{0) = r]{0)\Aj we may according to Proposition 14.181 get a decomposition 
of r]{t) = valid for t G [0, where each r]j G 1R(M). Now we get if we 

fix Xj G Aj (using that \x — Xj\ < if x G supp(7yj(0)), and \x — Xj\ < s + if 
X G supp(7yj(s))) 



< 


< 


fdr]{s) - 



J fdrjiO) 

) - f{xj))dr]j{s) 

■ (xj - ■)dvj{s) 


J=1 ^ 


E/(/(- 


+ o(s) + 


- J fdVjiO)^ 

) - fixj))dr]j{0) 


< J |V/| d77j(s) j s + o(s) + |V/| dr]{s)j s + o(s) + s^. 

Since this last expression is not dependent on the particular decomposition and 
limi((y |V/|d? 7 (s)^ s + o(s)= y |V/|d? 7 ( 0 ) 
we see that we also have gf < |V/| according to Proposition 16.151 


□ 


Theorem 9.2. Assume that 1 < p < oo. Then S^’P{X) = H^'P{X) and the norms 
are the same. Furthermore gf = |V/| for every f G H^'^{X). 

Proof. Assume that / G H^’P{X), and choose a sequence /„ G C°°{X) such that 
fn converges to / in H^’P{X). Then from Lemma [9.II we get 

Wfn - /m||sLP(A) = Wfn - fm\\m,P(X)- 

Hence we see that /„ is a Cauchy sequence in S^’^{X), and since it converges to / 
in L'P{X) it follows that / G S'^’^(X). 

Furthermore we get for any g G 1R(M) and n G N 

- j j fn\dg{t)dt. 


If we let n —>• oo we see that 

y fdg{s)-J fdg{0) 

Hence gf < |V/|. 

Conversely, suppose / G 5'^’^(X), (j) is Lipschitz continuous with compact sup¬ 
port in X and 0 < </> < 1. Then for a unit vector e we know that g(t) = (j}{- -I- te)/i 


- Jo J 


fn dg{s) - j fn dgiO) 
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belongs to 1R(M). Hence 


fde(j)dfi 


= lim 

s—>-0 




= lim 
s^O 


fdr]{s)- J /d? 7 ( 0 )^ < J gfdT]{0) 


= j gf(l>dn. 


However, if ^ = Ci^i+C 2^2 where (pi are Lipschitz continuous with compact support 
and 0 < < 1 and ci,C 2 G K, then 


/ 


fdepdg 


< |ci| 


fdepi dg 


|C 2 | 


/5e</>2 dg 


< |ci| Jgf(l)idg + \c2\ Jg}(p2dg. 


In particular this implies that we have, for all p which are Lipschitz continuous 
with compact support in X, 


fdepdg 


< 


gf\p\dfj.. 


Therefore we see that the distribution d^f has order zero, it is absolutely continuous 
with respect to g, and it has a Radon-Nikodym derivative whose absolute value is 
dominated by g/. Hence def has a representative which belongs to U'{X) for each 
e, and also this representative satisfies \def\ < gf g-a..e. Hence |V/| < gj and the 
proof is done. □ 


10. Some final remarks 

In this section we wish to make some remarks concerning certain choices and 
open questions related to this article. 

Choice of space X and metric dM- 

It is not self-evident that the choice of metric and space X are optimal for this 
type of construction. For instance one could have considered instead of the bound 
dv/dg < 1 perhaps that we should only have a bounded Radon-Nikodym derivative 
with respect to g. We wanted also to have a theory where the upper gradients did 
not depend on the integrability exponent p (indeed the definition oi rp makes 
no assumption about integrability). Otherwise one could perhaps consider spaces 
which depends on p, and perhaps also relax the condition to have compact support 
of the mesures (e.g. simply assuming that the Radon-Nikodym derivative lies in 
L'^{X) where q is the dual exponent). So this is one possible area that could be 
worth investigating. 

Relation to the Wasserstein metric: 

It would in many respects be natural to look at 

^ = {v/\\v\\ ■V&'X.} 

rather than X itself, in particular considering the formula for Ff. Then X is a space 
of probability measures, and one could introduce a metric on this set. Let us for 
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an element rj £ X define 77 = G 3C. We recall that the Wasserstein 1-metric Wi 
can be defined as follows: 

Wi {fj, D) = sup{ J fd{r]-v): Lip(/) < 1 }. 

This is in some sense the classical mass transport metric, and our metric will be a 
type of mass transport metric on X, but with the slight difference that in general 
it allows for not just relocation of mass but also controlled change in total mass. 

It is clear from Proposition l6.17l that along a curve 77 € 1R(X) we have dM{ri{s),ri{t)) 
|s-t| > Wi{r]{s),r}{t)). 

A couple of properties of djvt that we use extensively is first that in case rj and v 
are close in the metric cIm then so are their total mass (in X of-course all measures 
are probability measures, but we need control of the size compared to for our 
construction). The point is that if || 77 || = ||z/|| then 



It may be worthwhile to note that if we for instance work with = R and /i 
Lebesgue measure, and we were to use a metric such that rjit) = /r|[Q belonged 
to 1R(X), then for any continuous function / we would have 


lim — 

s^0+ S 


fdr]{s) 



/(I). 


This sort of phenomenon is obviously something we need to avoid, and hence some 
kind of control of the total mass of 77 compared to /i seems necessary. 

Furthermore the decomposition results such as that in Proposition |4T8] was also 
crucial to us. Let us here compare the situation with Wi by studying some curves 
on the real line. So let X = R with Lebesgue measure ji. If we start by studying 
ri{t) = rj{t) = then it is easy to see that indeed 

dM{v{t),v{0)) = = t. 

If we instead look at vit) = v{t) = /r|[op/ 2 ] + ^^\l/ 2 +t,l+i\^ then 

dM.{r]{t),r]{Q)) = t, 


but 

Wi(j]{s),v{0)) = i/2- 

It certainly would be very interesting to investigate if it is possible to develop 
this theory in some similar way on X instead (apart form the obvious way by 
identifying 77 with 77 and lifting all the structure to X), and see which metrics one 
could use. In particular considering that the Wasserstein metric comes up (but for 
very different reasons) in certain recent developments in connection with analysis 
in metric measure spaces, such as for instance in [1]. Possibly there is a simpler 
description of the metric djvt (or some similar metric for which the above type of 
construction also work), which could have been easier to handle than the hands-on 
definition that was used in this article. 

Future developments: 

The first challenge that needs to be investigated for these spaces seems to be in 
which situations there are plenty of curves in X so that a reasonable theory can be 
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expected. From the results in this paper it is more or less clear that we do have 
plenty of curves in the following situations: 

• weighted K” for weight functions which locally are bounded from below by 
some positive constant, 

• weighted M” for continuous weight functions, 

• Riemannian manifolds. 

However even for more difficult weight functions on K” it is not self-evident how 
many curves exists. 

Another obvious challenge is to see how these spaces are related to other types 
of Sobolev spaces such as the Newtonian ones in other settings than merely R". 

If the spaces seems to be of sufficient interest it is then also possible to look at 
finer properties of functions in them, Poincaree inequalities and to develop potential 
theory in this setting. 

Finally it would be interesting to develop the theory in a point-free way, axioma- 
tising the set X in a suitable manner. 
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